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DEGREE AND LOCAL CONNECTIVITY IN DIGRAPHS
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It is shown that there is a digraph D of minimum outdegree 12m and max u(x, y; D)=11m,

Xy
but every digraph D of minimum outdegree # contains vertices x#=y with i(x, y;, D)=n—1, where
u(x, y; D)and A(x, y; D) denote the maximum number of openly disjoint and edge-disjoint paths,
respectively.

In [7] it was shown that every finite (non-trivial) graph G contains vertices
x=y such that u(x,y; G)=min {e(x; G), e(y; G)}, where e(x; G) denotes the
degree of the vertex x in G and u(x, y; @) is the maximum number of openly dis-
joint paths joining x and y in G. Especially, if every vertex has degree at least n,
then there are vertices x and y connected by n openly disjoint paths. In the present
paper we study an analogous question for directed graphs: If every vertex x of
a finite directed graph or multigraph D has outdegree e*(x; D)=n, what can
one say about max,u(x y: D) and max/l(\ y; D), where u(x, y; D)and A(x, y: D)

are the mammum number of openly disjoint (continuously directed) paths and
edge-disjoint paths from x to y in D, respectively. As expected, these problems
are more difficult than in the undirected case. For max u(x, y; D), we can only
show that for every positive number m there is a finite digraph D with et (x; D)=
=12m for every vertex x, but max u(x,y; Dy=11m. I do not even know if

max ji(x, y; D) increases with min e*(x; D). For finite directed multigraphs D,
always m#axll(x, y: D)y=min et (x; D)/2, whereas for every positive integer n,
x#Zy

there are finite directed multigraphs D such that minet(x; D)=n and
x

max A(x, v; D)=[2n/3]+1. If D does not have parallel edges, then we can prove
max A(x, y: D)=zmin e*(x: D)—1, but I could not settle if even max A(x, y; D)=
=min et (x; D) is valid.

First let us state some concepts and notations. All graphs and multigraphs
considered here are supposed to be finite without loops. A directed multigraph
may have parallel edges of the same direction, but a digraph does not. The vertex
set and the edge set of D are denoted by V(D) and E(D), respectively; furthermore,
\D|:=|V(D)]. The set of edges from x to y is denoted by (x, y) and if there is only
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one, we identify (x, ¥) with this edge; in the undirected case we write [x, y] for an
edge For k€(x,y), V(k):={x,y}. For 4, BCV (D), let D(4) be the subgraph
spanned byA E(A, B; Dy:=U{(a, b): ac 4, b€ B}, E*(4; D): —E(A V(D) D),
E~(4: D):= +(V(D) A: D), and e*(...):=|E*(...)| for *= , (In these
notations we write a instead of {a}.) For aEV(D) N*(a; D)::{xEV(D—a):
(a, x)#0} and for ASV(G) in a graph G, N(4; G):={x€V(G)—A: J¢c4(a, x]¢
€E(G)}. We call a directed multigraph D outregular of degree n, if e*(x; D)=n
for all xé V(D) and we define 8} (A4; D):= 2 max (0, n—e*(a; D)) for ASV(D)

and §8;(D):=6F(V(D); D); “‘inregular” and 3, (D) are defined analogously. In
a directed multigraph, the terms “path” and “‘circuit” always mean continuously
directed path and circuit, and an x, y- path is a path from x to y. A digraph con-
sisting of n vertices and n(n—1}) edges is denoted by K

Let us first construct a digraph D which is outregular of degree », but has
max u(x, y; D)<n. For n=12m and any positive integer d=m let D, be a di-
graph with |Dy|=n which is outregular and inregular of degree n—d and contains
6m edges kl_(vlavl) 1] n/2 ('xnIZ )n/2) with {xl’y}m{‘\'_]’y]} 0 fOl’ l¢j
(For instance, delete from K (d—1) edge-disjoint hamiltonian circuits such that
the remaining digraph has a *‘I-factor”.) Delete the edges k,, ..., kg, and add a
new vertex z, and the edges (x;, z,) and (zy, »;) for i=1, ..., 6m. Add 34 further
vertices zy, ..., Zy; and edges from V(Dg) to z;, ..., 2z in such a way that we get
a digraph D, with e~ (z;; Dy)=4m for i=1,...,3d and e*(x; Dy)=n for all
x€V(Dy). If we perform this procedure with the same vertices zg, z,, ..., zg; and
2(3d+1) disjoint copies Dy, Dy, ..., Dgy.q of Dy 6d+2 times altogether in such
a way that every vertex z; plays the same role as z, above exactly twice, we get

a digraph D outregular of degree n, where e~ (x; D)=n—d for all x¢ U V(D)

and e~ (z;; D)=n for i=0,1,...,3d. It is easy to see that D has the desued
property m;:gxu(x,y; D)=n—d<n=mm et(x; D).
X 7=y X

In a similar manner it is possible to give an example of a digraph D with
o5 (D)y=0,;(D)=0, but max u(x,y; D)<n. To this; we consider the digraph
D constructed above for n=12m? and d=m. May D arise from D by adding
(6m+2)m further vertices g,(i=0,1,...,6m*+2m—1) and 10m? edges from g«;
to Dy, and 2m? edges from a; to DL,,,,,H1 (the mdlces of the Ds modulo 6m+2)

in such a way that e~ (x; D)=n for all x¢ U V(D;). Taking a (disjoint) dual

dlgraph D’ of D, where the vertex a; may correspond to a;, and identifying a; with
a; for i=0,...,6m*+2m—1, we get a digraph H with 5,,*(H)=6,,‘(H)=O, but
max u(x, y; H)—n—

It was proved in [5] and [6] that for given n, there is an m such that every
(undirected, finite) graph of minimum degree m contains an n-connected subgraph
and a subdivision of the complete graph K,. The corresponding statements for
digraphs do not hold, as the example below shows. It was conjectured by Y. O.
Hamidoune in [3], that every digraph D with §}(D)=4, (D)=0 contains an edge
{x,y) such that p(y, x; D)=n. This conjecture was disproved by C. Thomassen
in [9]. Modifying his counterexample, we shall show now that for every n there
is a finite digraph D with 6 (D)=4, (D)=0 and with the property that u(x, y; D)=
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=1 or u(p,x; D)=1 for all vertices x>y in D. (But it is easily shown that every
directed multigraph D with 65 (D)=1 contains vertices x>y which are connected
by 3 openly disjoint paths, two x, y-path and one y, x-path.)

Let 1 be given and let D be a finite digraph satisfying the following conditions:

(1) (x, »)EE(D)~(y, x)¢E(D) (and, at pleasure, in addition p(y, x; D)=2);

(2) (x, EED)YAu(y, x; D)=2—e*(x; D)=n;

(3) If Cy and C, are circuits in D with V(C,)NV(Cy)={x}, then e*(x; D)=n;
@) plx,y; Dy=2—>pu(y, x; D)=1.

If m:=min {e*(x: D): x€V(D)}<n, we shall construct a digraph D’ with
min {e*(x; D'): x€V(D)}=min {e*(x; D): x¢V (D)} which meets also the con-
ditions (1) to (4) and the number of vertices with outdegree m in D is smaller than
the number of such vertices in D. Let us suppose m<n and let x, be a vertex of
D with e*(xy; D)=m. The digraph L may consist of a path y,, ¥4, ..., ¥, of length
n added the n—1 edges (¥, ¥a)s .--» (Jo, Vs) and n—m circuits Cyq, ..., C,_,, of
length =3 such that V(C)NV(C;)={y,} forall ij and V(CYN{yy, ..., Y1} =0
for all i. We assume V(LYNV(D)=0. The digraph D’ may arise from DUL by
adding the edge (x,, y,) and all the edges from ¥V (L—y,) to N (xo; D). There is
no difficulty to check that also D’ has the four properties (1) to (4). Ase*(x; D)=>m
for all x€¥V(L), by successive application of this construction, in a finite number
of steps we can get a digraph Dwith 8} (D)=0 and u(x,y; D)=1 oru(y,x; D)=1
for all vertices x»y. Taking a (disjoint) dual D" of D and adding all the edges
from D’ to D to the digraph D’\JD, we get a digraph with the asserted properties.
(It is also obvious, that a digraph D with &} (D)=6, (D)=0 does not necessarily
contain a 2-edge-connected subgraph.)

The following problem remains: Given any positive integer n, is there an
m such that every finite digraph D outregular of degree m contains a subdivision
of the acyclic tournament of order n. Of course, this would imply that existence
of vertices x=y with u(x,y; D)=n—1.

Whereas we have found only negative results for the connection of the
function p with the minimum outdegree of a digraph, we can give some positive
ones for 2.

Theorem 1. Let D be a finite directed multigraph with 6 (D)<n for a positive in-
teger n. Then there are vertices x=y and n+1 edge-disjoint paths Py, ..., P,
in D such that P, is an x, y-path or a y, x-path for i=1, ..., n+1.

Proof. We use induction on the number of vertices. §,(D)<n implies |[D|=2.
We may assume e ¥ (x; D)=n forall xé V(D). There is a vertex z with e~ (z; D)=
=et(z; D); set di=n—e*(z; D)=0. We define a bipartite graph G by V(G):=
=E~(z; D)UE*(z; D) and k,k'€V(G) adjacent iff {k,k"}NE-(z; D)0,
{k, “YNE*(z; D)=20. and V(k)=V (k). Let us first suppose that there is a
matching M in G with |[M|ze~(z; D)—d, say, M={lk, k{]: i=1,...,m} with
k€(x;,2) and k{€(z, y;). Let D’ arise from D —z by adding a new edge k; from
x; to y; for every i=1,...,m. Then D’ has no loops and d; (D)=} (D)<n.
By induction, there are vertices x>y and n+1 edge-disjoint paths joining x and
y in D¥. Substituting k; and k; for k;, these paths also deliver n+1 edge-disjoint
paths joining x and y in D. Therefore, we may assume that there is no matching
M in G with [M|=e~(z; D)—d. Then, by Hall’s theorem (cf. [8]), there is a subset
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ASE~(z; D) with |4]|>|N(4; G|+d. If A% (x,z) for all xeV(D—z), then
N(4; G)=E*(z; D), which implies the contradiction e~ (z; D)=|4|=e%(z; D).
Hence, there is an x,6V(D—z) such that A4ZS(x,,z). But then there are n+1
edge-disjoint paths connecting x, and z in D, because [(x,, 2)[+ (2, Xo)| > |N(4; G)|+
+d+|(z, xp)|=e* (z; D)+d=n. ||

Corollary. Every finite directed multigraph D with 6, (D)<n contains vertices
x#y such that A(x,y; D)=|n/2]+1. }

Simple examples show that this Corollary is best possible. But in a directed
multigraph D with 6] (D)=0, there are vertices x7y such that A(x,y; D)=
=|n/2]+2, for n=3 and all n=5 (whereas Theorem I remains sharp also for
8, (D)=0). On the other hand, for every n, there are directed multigraphs D such
that 87 (D)=0 and max {A(x, y; D): x=y}=|2n/3]+1. To see this, consider the
directed multigraph D’ displaced in figure 1. If we stick together » copies of D’
at z, we get a directed multigraph D as wanted. By the way, in a directed multi-
graph D with e*(x: D)=e—(x; D) for all x€¥V (D), there are x=y such that
A(x,y; Dy=min {e*(x; D),e~(y; D)}. This follows, for instance, from the gen-
eralization of the algorithm of Gomory and Hu for the flow function of a graph,
given by R. P. Gupta in [1].

Fig. 1

If we forbid multiple edges, we can prove a result more precise.

Theorem 2. Let D be a finite digraph with 6} (D)<2(n—1) and |D|=1. Then there
are vertices x=#y in D such that A(x,y; D)=n—1.

Proof. 87 (D)<2(n—1) and |D|[>1 implies n=2 and |D|=n, as easily checked.
Hence, there is a vertex ain D with e*(a; D)=rn—1. We may assume e*(a; D)=n
and A{a,x; Dy=n—2 forall x¢ V(D—a). By the edge-form of Menger’s theorem
(cf. Chap. IV, § 2 in [2]), there 15 a UX)EV(D—a) such that xcU(x)
and l(a,x D)y=e=(U(x); D) From the sets U(x), we choose a minimal cover
Uy, .., U, of V(D—a). For i=1,..,k, be Vi:=U—-U{U;: j=#i}. Since

Uy, ..., U is a minimal cover, ¥ ;=0 for all i. We have the foIlowmg inequalities
k k k
6\ k(n—2) = Ze (U Dy = Y e (U; D—a)+ 3 ela, U; D)
i=1 i=1 i=1
k » k
= 3o (U D-a)+2e*(a; D)= 3 e(a, Vi; D),
& i=1
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k
because the edges Et(a; D)— U E(a,V;; Dy are counted twice, at least, in

Z’e(a, U;; D). On the other hand, we have

i=1

) _ﬁem, D—a) = Ze (Us; D—a),

because E*(V; D—a)S | JE~(U;; D—a) and the sets ¥V;, hence the sets
J##i
E*(V;; D—a), are disjoint. From these inequalities (1) and (2), we get

é’ (e*(Vi; D—a)—e(a,Vi; D)+5; (V;; D)) < k(n—2)—2e*(a; D)+2(n—1)
= k(n—2).

Hence, there is an #, such that e*(V,; D—a)—e(a, V,; D)+4,; (V;; D)<n—2.
For Dy:=D(¥,U{a}), that means 6, (Dg)=5;(V,; D)+e*(V;; D—a)+n—
—e(a, V,: D)<2(n—1). Hence D, satisfies the conditions of the theorem. As
k=2, we have |Dg|<|D| and, therefore, we can finish the proof by induction.

Remark. I should conjecture that a digraph D (perhaps with a few multiple edges)
with 4, (D)<rn contains vertices x3y such that A(x,y; D)=n. Considering
the decomposition used by L. Lovdsz in [4], it is possible to reduce such a digraph
with max A(x, y; D)<n by contraction, but only by generating multiple edges.
But for directed multigraphs such a theorem does not hold, as we have seen above.
This ist he dilemma which I could not manage.
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